In this article the correction procedure via reconstruction (CPR) high-order discretization is developed to solve the Reynolds-averaged Navier-Stokes (RANS) equations with the modified Spalart and Allmaras (SA) model. In this model, the r closure function depends on the distance to the nearest wall. To compute the distance of each solution point in the domain to the nearest curved polynomial wall boundaries, the CPR high-order discretization is extended to solve the Eikonal equation. To demonstrate this wall distance computation, one internal and three external flow geometries including a three-element high-lift configuration are considered to show the accuracy and efficiency of the present Eikonal solver. Additionally, the CPR discretization of the RANS equations with the SA model is demonstrated for turbulent flows over a flat plat and the NACA0012 airfoil. The results are compared to other benchmark simulations.
I. Introduction
T he use of high-order methods to compute turbulent flows governed by the Reynolds-averaged NavierStokes (RANS) equations is an active research topic in the computational fluid dynamics (CFD) community. It is well known that high-order methods for the non-smooth turbulence modeling equations are difficult to converge to the steady-state because of the numerical stiffness 1, 2, 3, 4 . In particular, for the the Spalart-Allmaras(SA) model implemented in the present work, the turbulence working variable decreases abruptly at the edge between the turbulent and laminar regions. This non-smooth behavior often leads to negative values of the turbulence working variable, which subsequently causes solver failure. To alleviate the stability issues caused by the negative turbulence working variable, several researchers 1, 2, 5 have proposed a variety of modifications for the SA turbulence model. The modified SA turbulence model investigated in 4, 5, 6 has been demonstrated to significantly improve the robustness of high-order simulations.
In addition to the modifications to turbulence models, recent research 7 has shown that implicit solvers can also affect the robustness of high-order discretizations. For example, Diosady et al. 8 examined several preconditioners and presented a new matrix reordering algorithm for a block-ILU preconditioner. This reordering algorithm based on the lines of maximum coupling between elements, is demonstrated to be superior to standard reordering techniques such as nested dissection, one-way dissection, quotient minimum degree, reverse Cuthill-Mckee. In addition, Ceze et. 7 showed that line-searches can improve the global convergence property when solving nonlinear systems.
Another challenge in the application of high-order methods to the RANS equations is the computation of wall distance. It is well known that even for finite volume methods, the computation of nearest wall distance is an expensive task for a complex geometry 9 . Several problems arising in high-order schemes significantly increase this computational complexity, such as the large number of solution points in higher-order elements, the curved, piecewise polynomial wall boundaries 10 , and the higher-order accuracy of wall distance required by its smoothness in higher-order methods 9 . In the present study, a high-order solver has being developed for the Eikonal equation to compute the nearest distance to the wall. In the design of this solver, we adopt a convective velocity, which is the normalization of the distance gradient. After adding the virtual time step and changing the convective term into a conservative form, the high-order CPR framework can be directly used to solve the equation. We also add a diffusive term to stabilize the equation for geometric singularities. The diffussive coefficient is proportional to the distance at each solution point, so that on one hand the geometry singularity can be resolved during the simulation and on the other hand the diffusive term vanishes at the wall boundary, which provides accurate near wall distance for turbulence models. This approach is efficient because the searching for the nearest wall is avoided, especially for 3D problems. Also, it is straightforward to parallelize this solver on CPU clusters. In Section 4 we describe the Eikonal solver and present the numerical results for one internal and three external flow geometries including a three-element high-lift configuration 11 . The remainder of this paper is organized as follows. After introducing the governing equations, including the modified SA model in Section II, we described some details of CPR discretization in Section III. Section IV introduces the CPR based Eikonal equation solver and demonstrates it with an accuracy study and selected examples. Finally, several benchmark test cases are presented in Section V to be compared with other flow solvers and experimental data: turbulent flows over the flat plate and the NACA0012 airfoil. In particular, the results from NASA Turbulent Modeling Resources (TMR) 39 web site are used in the comparison.
II. Governing equations
The conservation form of the compressible Reynolds Averaged Navier-Stokes (RANS) equations with the modified one-equation Spalart-Allmaras turbulence model 4, 5, 6 can be written as
with the proper boundary and initial conditions within a domain Ω. Here, the vector of conservative variables Q, the convective flux vector F ,the viscous flux vector F v and the source term vector S in 2D are given by:
where the ρ, P , E are respectively the density, pressure and specific total energy per unit mass, u,v denote the Cartesian velocity. ν denotes the kinematic viscosity andν represents the turbulence working variable defined in the modified SA model. Then the pressure P is given by,
where γ = 1.4 is the ratio of specific heats. Define velocity vector u = (u, v), then the fluid viscous stress tensor for Newtonian fluid τ is defined as,
where δ ij is the Kronecker delta. µ refers to the fluid dynamic viscosity, and µ t refers to the turbulence eddy viscosity defined by the SA model as,
For the source term S of Eq. (2), the production term of the modified SA modelS is given as 5 ,
where ω = ∇ × u is the vorticity vector. The destruction term coefficients are given by,
where d denotes the distance to the nearest wall at a specific location. The parameter Ψ is designed for highorder discretization schemes to remove the effects of negative turbulence working variable on the robustness of the turbulence model. This parameter is given as,
whenν goes negative, the parameter Ψ can prevent instabilities by turning off the production, destruction and dissipation terms. Finally, the constants in the modified SA model are given as, c b1 = 0.1335, c b2 = 0.622, σ = 2/3, κ t = 0.41, P r = 0.72, P r t = 0.9,
III. CPR discretization
The CPR method was originally developed by Huynh 12, 13 , and extended to simplex and hybrid elements by Wang&Gao 14 . Other significant developments are reviewed in a recent article. 40 The degrees-of-freedoms (DOFs) are the conservative variables at a pre-defined nodal set named solution points(SPs), where the differential form of the governing equations is solved. In the present study, the solution points are chosen as the Gauss quadrature points. Details about CPR approach can be found in 14 . Here we directly apply the CPR formula to RANS equations with the SA turbulence model.
First, following reference 15 , we introduce a new variable R = ∇Q. Let R i be an approximation of R on element V i . The CPR discretization of Eq. (1) can be expressed as,
where α j,f,l are lifting constants independent of the solution, S f is the face area, |V i | is the volume of V i and, are defined. In the present study, we employ the BR2 17 scheme to compute the common solution and gradient on interfaces. More other schemes can be found in 18, 19, 20, 21 .
III.A. Dynamic scaling of the discrete equation
The discretization form as Eq. (10) can result in ill-conditioning implicit system, especially for practical cases with Reynolds number of 10 6 ∼ 10 7 . In this regime,ν/ν ∞ typically ranges 10 4 to 10 5 . In order to alleviate the ill-conditioning and improve floating point precision, Ceze 7 introduced a constant scaling factor forν to non-dimensionalize ρν by a factor lager than the physical viscosity. For further improvement, the present work proposes a dynamic updated scale for the conservative variable ρν so that its numeric value has similar orders of magnitude as other conservative variables. The dynamic scaling is expressed as,
where (ρν) is the scaled conservative variable that is computed by the solver.µ ∞ is the farfield dynamic viscosity and κ SA is a scaling factor which is dynamically updated according to the solution of each time step,
In order to exemplify the dynamic scaling, Figure 1 shows the residual history for a subsonic flow over NACA0012 airfoil at Re = 6 × 10 6 , M a = 0.15, α = 0 • , with the p = 1 discretization. As expected, the dynamic scaling factor κ SA improves the convergence history. Also, Table 1 demonstrates that the dynamic scaling has virtually no effect on the drag and lift coefficients.
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Cd Cl with 0.0112 4.e-9 without 0.0112 4.e-9 Table 1 . Comparison of C d and C l with and without dynamic scaling.
III.B. Boundary conditions
The wall boundary is a no-slip adiabatic wall, which yields ∇T · n = 0 and Q b = (Q 1 , 0, 0, Q 4 , 0). To prevent the occurrence of an apparent transition reported by Crivellini et al 22 , the freestream turbulent viscosity is set toν ∞ = 3ν, instead of the ideal conditionν ∞ = 0. This value is considered perfectly acceptable by Spalart&Allmaras 23, 24 . 
IV. Time discretization
The time discretization to Eq. (1) can be written as,
Only steady problems are considered in this work, hence the first order backward Euler scheme is adopted
whose linearized version is
where Q = Q n+1 − Q n and A = I/ t + ∂R/∂Q. To solve Eq. (16), we resort to the preconditioned GMRES (Generalized Minimal RESidual) linear solvers available in the PETSc library 25 . All the results in the present work are obtained with the standard algorithm. The Jacobian matrix J is computed analytically using the dual number 26 , which has been already verified. According to authors' experience on laminar flow 27 , the preconditioner is chosen as the incomplete lower-upper factorization, ILU (1) , in the PETSc library.
IV.A. Line-search method for solution update
Line-searches are originally used in optimization problems to find a step-size along a descent direction that sufficiently reduces the value of the objective function and its gradient. When solving systems of nonlinear equations, such as Navier-Stokes equations, the line-search algorithm was developed by choosing the 2-norm of the unsteady residual as the objective function 7, 32 . In the present work, we separate the 2-norm of residual and require a drop in the 2-norm of each conservation equation, except the last SA model equation. This reduces the effect of badly scaled discrete systems that cause the residual norm to be dominated by the worst residual component. More details can be found in 7 .
V. Eikonal equation for wall distance computation

V.A. Background
A challenge in the application of high-order methods to RANS equations is the computation of the nearest distance to the wall. A search based algorithm is difficult to parallelize on massively parallel clusters. In the present study, we obtain the wall distance by solving the Eikonal equation
with homogeneous Dirichlet boundary conditions,d = 0, imposed on the wall boundary. In order to obtain high-order accuracy for the nearest wall distance, Liu et al. 34 proposed a finite element discretization of Eq. (17) for internal flow problems. Schoenawa 33 extended the discretization in 34 to external flow geometries by adding a stabilization based on the streamline diffusion and artificial viscosity. However, this finite element discretization is different from the widely used discontinuous high-order discretizations, eg. Discontinuous Galerkin (DG). Thus most of the stabilizing procedure does not transfer to discontinuous high-order methods.
In the following, we develop a new high-order solver for the Eikonal equation by adopting a connective velocity 35 to convert Eq. (17) into the conservative form, and directly use the high-order CPR method to solve the equation. For more complicated flow geometries, the CPR discretization requires a further stabilization with a diffusive term.
V.B. Discretization
First we square Eq. (17) and define a connective velocity v = ∇d/ ∇d to obtain
Adding the virtual time step and converting the convective term into the conservative form lead to
To alleviate the non-linearity of Eq. (19), we freeze the connective velocity v for every 100 time steps, and introduce µ = εd within those frozen steps,
Let Q = d, F = vd, F v = ∇d, and S = 1, Eq. (20) is almost the same as the conservative form of RANS-SA equations as Eq. (1),
with the same CPR discretization in Eq. (10), the Eikonal equation can be efficiently solved of high-order accuracy.
Our numerical experiments showed that the connective velocity has to be unique on interfaces and vertices. In the present work, we choose the upwind velocity as the unique connective velocity on interfaces and vertices. If there is no upwind velocities, we choose the averaged velocity as the unique connective velocity on interfaces and vertices. Figure 2 illustrates how to determine the unique connective velocity. 
V.C. Test cases
In order to demonstrate the CPR Eikonal solver, an internal and three external flow geometries are tested in the following. The initial condition is the distance to a single point in the field, like the center of gravity of a geometry or the moment reference point of an airfoil.
The first test is the square domain [0, 1] 2 ⊂ R 2 surrounded by wall boundaries. This internal flow geometries has the analytic solution given by,
4 meshes were tested, with 5 × 5, 10 × 10, 20 × 20, 40 × 40 elements, respectively. And numerical experiments suggested = 0.001, 0.001, 0.01, 0.01, respectively. We chose {0, 0} ⊂ R 2 as the reference point, and solved the discretization with p = 1 only. Figure 3 shows the solution on 40 × 40 mesh, and the errors on different meshes.
(a) the p=1 wall distance solution (b) the errors on different mesh The second case is a ring domain r ∈ [1, 5] with inner cylinder as wall boundary and outer cylinder as extrapolation boundary. We chose this case to verify the CPR solver for the Eikonal equation by computing the order of accuracy (OOA) based on the analytic solution given by,
Three meshes were tested with 8, 32, 128 fourth-order curved elements, respectively. For this simple case, = 0. {0, 0} ⊂ R 2 was chosen as reference point. Figure 4 shows the solution and errors on different meshes with different discretization orders. We solved the discretization with p = 1, 2, 3, 4 and achieved super convergence for this smooth geometry and smooth solution problem.
Next we considered a mesh around the RAE2282 airfoil with 506 curved elements of degree 4. The mesh is from the 1 st International Workshop on High-Order CFD Methods 38 , generated by Deconinck. We chose the quarter chord point (0.25, 0) ⊂ R 2 as the reference point. On this unsymmetric mesh, we solved the discretization with p = 1, 2...5. Numerical experiments suggested = 0., 0., 0.01, 0.01, 0.01 respectively. For computational efficiency, each converged lower order solution is used as initial condition for the next higher-order solution. All the residuals drop 8 orders of magnitude. For this geometry, there is no analytic wall distance available. Figure 5(b) shows the wall distance solution with p = 5 near the airfoil.
As a final example, we tested the CPR Eikonal solver on a mesh around the high-lift multi-element 30P30N airfoil, with 4070 curved elements of degree 4. The mesh is also from the Workshop 38 , generated by Ceze. Again, we chose (0.25, 0) ⊂ R 2 as the reference point. On this mesh, we solve the discretization with p = 1, 2, 3. Each converged lower order solution is used as initial condition for the next higher-order solution. Numerical experiments show = 0. is acceptable for p = 1 so that the residual drops 16 orders of magnitude. For higher-order discretizations, the minimum value of = 0.01 drops the residual by 10 orders of magnitude. Figure 6 shows the wall distance solution with p = 2 around the airfoil.
VI. Numerical results
In this section, we apply the CPR RANS solver with the SA model to two steady flow problems. The initial conditions of all the p = 1 solutions have been set to uniform freestream. For computational efficiency, each converged lower order solution is used as the initial flow field of the next higher order solution. The parameters of the restarted GMRES solver is set to 90 Krylov space vectors, 200 maximum iterations and 10 −8 relative convergence tolerance. The initial time step is CF L = 1. The CFL grows following the line search method reported in 7 . For computation efficiency, the CFL is increased to infinity (1.e10 in present study) after the residual drops 6 orders of magnitude.
VI.A. Flat plate
First we consider a turbulent flow over a flat plate at Mach number M a = 0.2 with Reynolds number Re = 5 × 10 6 . The main aim of this case is to verify the accuracy of the CPR discretization by comparing with other results on the Turbulence Modeling Resource (TMR) webpage.
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Four meshes with 34 × 24, 68 × 48, 136 × 96, 272 × 192 elements, respectively, are solved with p = 1, 2 discretization. The coarest mesh gives an approximate average y + ≈ 1.7 over the plate. Figure 7 shows the convergence history of drag coefficient and skin friction coefficient at x = 0.97, compared with CFL3D and history of the skin friction over the flat plate is depicted in Figure 8 , which demonstrates that when the mesh is finer and discretization order is higher, the result gets closer and closer to the CFL3D result. For discretization with p = 2, the solutions of the finest two meshes have excellent agreement with each other. Figure 9 compares the extracted nondimensional eddy viscosity at x = 0.97. The p = 1 result shows some oscillation at the leading edge, while the p = 2 results shows excellent agreement with the CFL3D and FUN3D results.
VI.B. NACA0012
The next test case is a turbulent flow over the NACA0012 airfoil at Mach number M a = 0.15 , Reynolds number Re = 6 × 10 6 , with angles of attack AoA = 0
• . This case is used as a validation case of CFD codes on the TMR webpage 39 , by comparing all the CFD results with the experimental results. The farfield boundary is located almost 500 chords away from the airfoil. We test three C-type meshes h = 0, 1, 2 with 54 × 23, 108 × 46, 216 × 92 fourth-order curved elements respectively. The first layer grid of the coarest mesh gives y + ≈ 10. Figure 11 shows the convergence of the drag and lift coefficients for different angles of attack with increased discretization orders for medium mesh h = 1. The p = 1 results are always far away from the experimental data. With higher orders of accuracy, both the C d and C l appear to converge to the experimental data and CFL3D results. • . Figure 12 demonstrates that the mesh and order independent results are obtained for the drag coefficient. Figure 13 and Figure 14 compared the computed surface pressure coefficient and skin friction coefficient with the experimental data and CFL3D results. The present simulation shows excellent agreement in surface pressure coefficient with experimental and CFL3D results as expected. It appears more difficult to compute the skin friction accurately. On the coarse mesh h = 0, even the highest discretization order p = 4 cannot accurately capture the distribution of the skin friction coefficient. But for medium mesh h = 1, as the discretization order becomes higher, the results show improved agreement with CFL3D. In addition, there is an excellent agreement between the p = 3 and p = 4 CPR schemes and the CFL3D results. On the finest mesh h = 2, the p = 2 CPR scheme demonstrates better agreement with the CFL3D results than those on the coarse meshes.
Two similar studies are performed for AoA = 10
• and AoA = 15
• , as displayed in Figures 15-16 and Figures 17-18 , respectively. Similarly, the p = 1 CPR scheme is not accurate enough to capture the distribution of the skin friction coefficient, even on the finest mesh. On the coarse mesh h = 0, the higher-order scheme 
VII. Conclusion
In the present work, we developed a CPR discretization of the RANS equations with the modified SA model. In this model, the r-closure function depends on the distance of each solution point to the nearest curved polynomial wall boundaries, which can be solved using the Eikonal equation. The high-order CPR discretization was developed to solve the Eikonal equation efficiently and robustly. We considered four test cases: the square case surrounded by wall boundaries demonstrates the capability of the CPR Eikonal solver on internal flow geometries; The super convergence given by the ring case shows the accuracy and efficiency of the proposed high-order solver; The smooth high-order wall distance solutions of the RAE2282 airfoil and the high-lift 30P30N multi-element configuration further demonstrate the robustness of the proposed solver. Additionally, the high-order CPR discretization of the RANS equations was applied to two benchmark test cases on the NASA TMR 39 website: turbulent flows over a flat plate and the NACA0012 airfoil. The computed high-order solutions are compared to the experimental data, the CFL3D and FUN3D results. The converged drag coefficient of the flat plate case agrees with CFL3D and FUN3D results within 0.1 count, • which builds confidence in the high-order CPR RANS-SA solver. In terms of the skin friction coefficient on the flat plate and the NACA0012 airfoil, the mesh and order independent results are obtained and show an excellent agreement with the other benchmark simulations. However, further research remains in the mesh and order independence of the drag and lift coefficients for the NACA0012 airfoil test case, especially at high angles of attack. In the future, both the CPR Eikonal solver and the CPR RANS-SA solver will be extended to 3D high-order discretizations.
